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L i f e t i m e  d e t e r m i n a t i o n  i s  c o n s i d e r e d  f o r  a n a r r o w  channe l  in a l iquid  c o l l a p s i n g  in r e s p o n s e  
to g r a v i t a t i o n a l  and c a p i l l a r y  f o r c e s .  W o r k i n g  f o r m u l a s  a r e  d e r i v e d  to r e l a t e  the  l i f e t i m e  to 
the  p r o p e r t i e s  of the  l iqu id  and the c ha nne l  p a r a m e t e r s .  The  c a l c u l a t i o n s  a r e  c o m p a r e d  with 
e x p e r i m e n t s  on the e f fec t s  of a f o c u s e d  h i g h - p o w e r  e l e c t r o n  b e a m  ac t i ng  on a l iqu id  and so l id .  

C o n c e n t r a t e d  hea t  s o u r c e s  such a s  e l e c t r o n  and l a s e r  b e a m s  ac t  on c o n d e n s e d  m e d i a  to p r o d u c e  c h a n -  
n e l s  a f r a c t i o n  of a m i l l i m e t e r  in d i a m e t e r ;  the  channe l  w a l l s  a r e  u s u a l l y  l iqu id ,  be ing  kep t  in e q u i l i b r i u m  
by the  p r e s s u r e  of t he  v a p o r  g e n e r a t e d  by the  b e a m .  A n a r r o w  c ha nne l  can  e x i s t  in d y n a m i c  e q u i l i b r i u m  
f o r  a c e r t a i n  t i m e ,  but  i t  b e g i n s  to c o l l a p s e  when the  h e a t  s o u r c e  is  r e m o v e d .  

An i n s t a n c e  of an i n t e r e s t i n g  c o l l a p s e  p r o b l e m  r e l a t e s  to the  f o r m a t i o n  of deep  m e l t e d  zones  in m e t a l s  
exposed  to e l e c t r o n  b e a m s  [1, 2]. S i m i l a r  p r o b l e m s  a r i s e  f o r  focused  l a s e r  b e a m s  ac t i ng  on c o n d e n s e d  
m a t e r i a l s ,  and a l s o  when one s i m u l a t e s  such ef fec t  with s m a l l  ga s  j e t s  ac t ing  on l i qu ids .  H i g h - s p e e d  c i n e -  
m a t o g r a p h y  h a s  been a p p l i e d  [3] to the  f o r m a t i o n  of n a r r o w  c a v i t i e s  in VKZh-94 oi l  with p u l s e d  and c o n t i n -  
uous e l e c t r o n  b e a m s .  Ray le igh  [4] d i s c u s s e d  the  c o l l a p s e  of a s p h e r i c a l  c a v i t y  sudden ly  f o r m e d  in a l iqu id .  
It would  s e e m  that  no d e t a i l e d  s tudy has  p r e v i o u s l y  been  m a d e  of the  c o l l a p s e  of a n a r r o w  channe l .  

H e r e  we  c o n s i d e r  the  h y d r o d y n a m i c  p r o b l e m  of the  mot ion  of an i n c o m p r e s s i b l e  l iquid  when a n a r r o w  
channe l  c o l l a p s e s ;  the  l iqu id  may  be  a mol ten  m e t a l ,  f o r  e x a m p l e ,  t I e r e  we do not  d i s c u s s  the  c ha nne l  f o r -  
mar ion  m e c h a n i s m .  

The  p r o b l e m  is  f o r m u l a t e d  a s  fo l lows .  We have  a c y l i n d r i c a l  v o l u m e  of i n c o m p r e s s i b l e  l iqu id  V, in 
which a c y l i n d r i c a l  channe l  of r a d i u s  R 0 and depth H 0 sudden ly  a p p e a r s .  We have  to d e t e r m i n e  the t i m e  
taken  to f i l l  the  channe l  with l iquid .  

T h e  fo l lowing  a r e  the  N a v i e r - S t o k e s  e q u a t i o n s ,  and a l s o  the  equa t ions  f o r  con t inu i ty  and c o n s e r v a t i o n  
of m a t t e r  in a c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  with a x i a l  s y m m e t r y  ( independence  of ang le  ~): 

( (o,,. Ov~ ov~ ~ ap . [ (o ( t  Or% ~ (o~'v~] 
P \"-~- -t- v~ ~ -~- v. -57-z ] = K. - -  ~ .~- ix t~ \-;-'-'37-'r I -t- '~z~ J (I) 

(Ovz OCz OVz\ OP [O~'Vz 
P \'o'F + v~-~-r -3 Vz'-~z ) :-= K~ Oz ~ l"O-~r'- ' :t- - - 

l OVz O~vz] 

7 (o/ -!7 -b"~z"-J (2) 

(o~)z Vr (OO 
- -  ~ -  ' �9 o ( 3 )  (Or ~ r r- r ~ 

! I  dV = V0 = const (4) 

H e r e  p i s  d e n s i t y ,  w h i l e  Vr and v z a r e  the  r a d i a l  and a x i a l  c o m p o n e n t s  of the  l iqu id  v e l o c i t y  c o r r e -  
spond ing ly ,  with K r and Kz the  r a d i a l  and ax ia l  c o m p o n e n t s  of the  vol t  f o r c e  ac t ing  on the l iqu id  and p the 
dynamic  v i s c o s i t y .  
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F i g .  1 

We m a k e  s o m e  s i m p l i f y i n g  a s s u m p t i o n s  and c o n s i d e r  the  s o l u t i o n s  
to p a r t i c u l a r  p r o b l e m s  f o r  s p e c i a l  c a s e s .  The  a p p r o x i m a t i o n s  a r e  tha t  
f i r s t  of a l l  we  spe c i fy  the  u p p e r  and l o w e r  b o u n d a r i e s  of the  l iquid  (channel  
c o m p r e s s i o n ) ,  with r e f e r e n c e  to the c a s e  of a f ixed  l a t e r a l  b o u n d a r y  ( l iquid 
s inking)  and flow into the  channe l  (the r a d i a l  mot ion  of the  l iquid  i s  n e -  
g l ec t ed ) .  

We c o n s i d e r  the  c a s e  w h e r e  the  u p p e r  and l o w e r  b o u n d a r i e s  (Fig.  1) 
a r e  f ixed ,  i . e . ,  the  v o l u m e  is  r e d i s t r i b u t e d  by sh i f t  in the  s i d e  b o u n d a r i e s  
Ri = Ri(t) (i = 1, 2); the  quan t i t i e s  dependen t  on z then d i s a p p e a r  f r o m  the 
equa t ions  and (1)-(3) t a k e s  the  f o r m  

/OVr [0 ( ,  or,rl] 
P ~ - Y i -  "- v r -~#)  - -  ~'.. ~ \ - - ; - - - - ~ / j  - 

Orvr / Or = 0 

T h e  b o u n d a r y  and i n i t i a l  c o n d i t i o n s  a r e  put  in the  fo rm 

�9 ~ = - -  P + 2 p, Ov~ I Or = .4- q~ ///~ for r =- tt~ (t) 

H e r e  the  p l u s s i g n  r e f e r s  to i =1 and the minus  to i = 2 ;  

-/:t2' (t) - -  R ,  2 (t) = R *~ - -  Ro ~, R* --:--:/i'~ (0), /~o = 1{~ (0) 

V r = O  for t = O  

F r o m  Eq. (6) we  ge t  v r = 

ov (5) 
Or 

(6) 

(7) 

(s) 

r -~( t ) ,  where  r is the current  coord inate  [Rl(t) -< r_< R2(t)]; we integrate  Eq. 
(5) wi th  r e s p e c t  to r f r o m  R i to R 2 to  ge t  

In R , ( t ) a / ( t )  ( i f - , ( 1  ' \ _ t _ ~ ( ~ _ .  t )  
n , ( O  at + 2v]----~-)  n~, g~"r p ' , n ,  + ~  = 0  

We c o n v e r t  to new d i m e n s i o n l e s s  v a r i a b l e s  via  the  f o r m u l a  

(9) 

R*' \ zRo vt R 2 (t} I (t) 
a =  - ~ r d - - t ] ,  b = . b =  ~ =  , ( t ) = ~  �9 ~,~ ' "-h'~-o~ ' -"ETo= ' v 

w h e r e  v = p / p ,  and t r a n s f o r m  Eqs .  (7)-(9) to 

In 1 + T )  -2-b-- -~ k 2 b  
�9 ~" (~ + ~) V~ 

d ~ / d b = 2 %  ~2(0) = 0, ~(0) = 1 

! )----0 
(1o) 

The  c o l l a p s e  t i m e  i s  found f r o m  

where ~(~) is determined from the solution to 

0 

1 

(11) 

2~In i+ ~,] d~ + ~(.Ta)~ ' + 2 b  - ] - - -  

r = 0 for ~ = I 

' )=0 
V~-Z-~ (12) 

The  so lu t i on  to Eq.  (12) canno t  be  found in g e n e r a l  f o r m ,  so we c o n s i d e r  s o m e  p a r t i c u l a r  c a s e s ;  a so lu t ion  
h a s  b e e n  g i v e n  [5] fo r  b = 0. We n e g l e c t  the  v i s c o s i t y  and ge t  f r o m  E q s .  (11) and (12) a f t e r  t r a n s f o r m a t i o n  tha t  

if  in (~ + ~/~.) I"" dg 
0 

(13) 

If ~<<a (na r row  channe l ) ,  we  have  
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= ' " ' x  dx  (14) 
0 

The i n t e r v a l  of Eq. (14) c o n v e r g e s ,  and the  va lue  l i e s  in the r a n g e  

2 V 2  R* ' 
3 ~ I n - - ~ 0  < x  < + r  In I,* ~. 0.283~ (15) --h-~, - j 

Then the  c o l l a p s e  t i m e  can  be  e s t i m a t e d  f r o m  

= V p - ~ o 3 / ~  In R *  / Ro (16) 

We insert the numerical values R 0 = 10 -2 cm, p = 10 g/cm 3, R* = 1 cm, a = 103 dyne/cm characteristic 
of narrow channels in molten metals to get r~ 0.5 msec. 

We now consider the case where the side boundary is fixed, while the volume redistribution occurs 
by two-dimensional displacement of the upper boundary, i.e., we assume that Vz(r , z, t) = Vz(Z, t); from Eq. 
(4) we have 

We d i f f e r e n t i a t e  Eq. 

( B * :  __ R~)z = (R*~ _ Ro2)zo 

(17) with r e s p e c t  to t to ge t  

dR ( R , 2  - -  dz 2R'--~- z = R 2) 

(17) 

(1 s) 

o r  

~=dz vr (z, t) _--=- . 2tlzv r (R) Ovz 
dt Jr*"- - -  I t  2 ' 

We substitute Eq. (18) into (3) with v r = 0 for r = R* to get 

v, (r) = --1 (t) (R .2 - -  r ' )  / r 

21r r (R) 
I t *  ~ . _ R,~ 

(19) 

We i n t e g r a t e  Eq. (1) with r e s p e c t  to r f r o m  R to R ~ and Eq. (2) with r e s p e c t  to z f r o m  0 to h us ing  Eqs .  (18) 
and (19) to ge t  a s y s t e m  of o r d i n a r y  equa t ions :  

dd@[R*• l i t  1t* 
/ t  R:)] +I+'(R*)-p(ml 

~ r  ~ - - P - I -  2~t O v a / O r  tot r--=- R*andR 

d R ~ d r  = - - /  (t) (R  *2 - R 2) / R ,  1 (0 )  ~: 0 

d !  2 ]  2 g , 1 [ P ( h ) - -  P(O)] 
d t  --= It r ph.Z 

~ z z ~  - - P - I -  2p Ov~/Oz  = 0 for z = 0, h 

dh / dt  - -  v,l,=,, = - -2]  (t)h, ] (0) =: 0 

(20) 

(21) 

S y s t e m s  (20) and (21) a r e  i ndependen t  b e c a u s e  we  h a v e  a s s u m e d  tha t  v z ( r  , z, t) = Vz(Z, t), which m e a n s  
tha t  Vr and 0Vz/0 z a r e  i ndependen t  of z; p h y s i c a l l y  th i s  m e a n s  that  the  u p p e r  b o u n d a r y  can  d e s c e n d  as  a 
p l a n e  only if the  f o r c e s  ac t i ng  on the l iqu id  in t hc  two mu tua l ly  p e r p e n d i c u l a r s  r and z a r e  independen t .  In 
fac t ,  v r  and Vz a r e  c o u p l e d  only v ia  the  equa t ion  of con t inu i ty  (3) and the  a n a l o g o u s  law of c o n s e r v a t i o n  of 
m a t t e r  (4). 

Th is  c a s e  s p l i t s  up into two: a) s y s t e m  (20) c o r r e s p o n d s  to channe l  f i l l i ng  v ia  c a p i l l a r y  f o r c e s  in the  
a b s e n c e  of g rav i ty ' ;  b) s y s t e m  (21) c o r r e s p o n d s  to f i l l i n g b y  d e s c e n t  of the  l iqu id  in the  a b s e n c e  of c a p i l l a r y  
f o r c e s .  

C o n s i d e r  c a s e  a;  we  have  f r o m  (20) tha t  

di~[u ,2~ n * t ( R , ~ _ R 2 ) ] + f 2 n ~ _ n . .  4v . _  

- ' -d ' f lU" " " - - U - - - ~  j R n / pn* dr*--  #) 

f (R0) --- 0 (22) 
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F i g .  2 

~ F  

The  f i l l i ng  t i m e  is  found f r o m  

Ro 
l R dR 

- ( R  *'z - -  1 ~ )  t ( t 0  0 (23) 

w h e r e f ( R )  is  the  so lu t i on  to Eq. (22); if u =0 

�9 R * - - R  l [B ,21n  R* I (B,2 - B~)i I ~ (R) = ~ , n  ~ / n 2 

The  f i l l ing  t i m e  fo r  n a r r o w  c h a n n e l s  (R 2 << R .2) i s  found in 
e x p l i c i t  f o r m :  

1 

T fVB-- Inx ' l ' , ,  . �9 ~ 03L i ~ _ r .  j w a x  
o 

~o - -  [ pR~ [1 Ro~l: l ,  B = In Jr* 1 
Ro 2 

(24) 

Equation (24) is analogous to Eq. (14), so 

L"3B'% < -r.., .<  "to'/3 ] / 2  (B + 5/3 - -  2 In 2) (25) 

We s e e  f r o m  Eqs .  (15) and (25) that  v f o r  the  f i r s t  c a s e  i s  of the  s a m e  o r d e r  a s  fo r  c a s e  a ,  be ing  d e -  
penden t  on the  p a r a m e t e r  (pR 03/~) 1/~- In (R*/R0). 

We have  f o r  c a s e  b f r o m  Eq. (21) tha t  

a]~ ~_ 2 n .... 

The  f i l l ing  t i m e  i s  g iven  a s  fo l lows  by ana logy  with  Eq. (23): 

(26) 

h(o) 
R , 2 _ 1 t o =  

dh h (1~) ~- h 0 R*= - -  R :  
'~g : - -  2~ (h) h ' 

The  so lu t ion  to Eqs.  (26) and (27) i s  

(27) 

/ ( h )  = [g (h0 -- h)]',, R0 W h o  (28) 

We s u b s t i t u t e  the  v a l u e s  R 0 = 10 -2 c m ,  R* = 1 c m ,  h 0 = 1 c m  into Eq. (28) to ge t  Tg ~ 0.3 m s e c .  A l -  
though the  s t r u c t u r e  of  the  f o r m u l a s  de f in ing  the  t i m e  of  the  f low of  the  channe l  T in  r e s p o n s e  to  c a p i l l a r y  
and g r a v i t a t i o n a l  f o r c e s  a r e  d i f f e r e n t ,  the  n u m e r i c a l  e s t i m a t e s  fo r  t y p i c a l  c a s e s  of  n a r r o w  c h a n n e l s  show 
tha t  E q s .  (25) and  (28) g ive  v a l u e s  of  the  s a m e  o r d e r .  

The  fo l lowing  r e l a t i o n  g i v e s  a p p r o x i m a t e l y  the  r e s u l t a n t  f i l l i ng  t i m e  when both f o r c e s  a c t  t o g e t h e r :  

T-~ ~ ~g-I + ~-1 (29) 

Th i s  a n a l y s i s  shows  that  the  d i f f e r e n c e  in the  c o l l a p s e  m o d e l s  does  not  l e ad  to a s u b s t a n t i a l  quan t i -  
t a t i v e  d i f f e r e n c  e. 

We now c o n s i d e r  t he  f i l l i ng  of a n a r r o w  channe l  by which  we  m e a n  one w h o s e  d i a m e t e r  d o e s  not  e x -  
c e e d  the  c a p i l l a r y  c o n s t a n t  a k = ( 2 o ' / p g ) l / z ,  in p a r t i c u l a r  ak = 0.122 c m  f o r  w a t e r ,  w h i l e  a k ~ 0.5 c m  fo r  
m o l t e n  m e t a l s ,  t he  f i l l ing  be ing  in r e s p o n s e  to g r a v i t y  and p r e s s u r e  g r a d i e n t  (Fig .  2). We n e g l e c t  the  c l o -  
s u r e  of the  c h a n n e l  in the  r a d i a l  d i r e c t i o n  due  to c a p i l l a r y  f o r c e s .  

The  N a v i e r - S t o k e s  equat ion t a k e s  the  f o r m  

o \ - - ~  + v ~ - ~ -  .. i- vz  ~ - ~t I-~". + - 7 -  a--;- 4 ~ ] := - -  pg  - . ~  (30) 

We n e g l e c t  the r a d i a l  mot ion ,  so  v z i s  not dependen t  on z, a s  fo l lows  f r o m  the  equa t ion  of con t inu i ty ,  
i . e . ,  v z = f ( t ) ;  Eq. (30) b e c o m e s  
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Ov ( O~V z | dv z ) O/) 
P " ~ - - i a  Or"- ' 7 a~ ==-- pg a~ (31) 

The channel  f i l l s  f rom the bo t tom as  the l iquid  f lows along the wa l l s ;  the mot ion  is  c o m p l i c a t e d  in  the 
r e g i o n s  z < - H ( t )  and z > 0 (Fig. 2), so we c o n s i d e r  the mot ion  only for  the r e g i o n  0 > z > - H ( t ) ,  and find the 
f i l l ing  t ime  f rom the  cond i t ion  of c o n s e r v a t i o n a l  m a t t e r .  We neglec t  the d i m e n s i o n s  of the  pa r t  - H i t )  + 
R > z > -H( t )  as these  a r e  s m a l l  for  a n a r r o w  c ha nne l  and neg lec t  the r a d i a l  mot ion in the r eg ion  0 >z > - H ( z ) ,  
with v z = vz(r ,  t) to a s s u m e  that the p r e s s u r e  wi th in  the l iquid is  not dependent  on r.  The  cond i t ion  at the 

f r ee  boundary  

%~ = - - P  -F 2~t Ov~ l Oz = o i It 

gives  us for  z = - t t ( t )  that  P ( -H)  = - ~ / R ;  s i m i l a r l y  we find P(0) = or/R*, w h e r e  R is  the channe l  r a d i u s  in  

the lower  pa r t ,  whi le  R* is  the mean  r a d i u s  of the l iquid in the upper  par t .  

We i n t e g r a t e  Eq. (31) with r e s p e c t  to z f r o m  0 to - H  to get 

Ov ( O~-v , t Ov ) ~ . 
p 7 - -  ~t r Or ~ 1~ ~ J,'* ) (32) ~/- ~ = - P g -  tiit) ( t  , 

Then the c a p i l l a r y  fo rce s  ac t  in the s a m e  s e n s e  as  the g r a v i t a t i o n a l  for(:es and behave  as  though they 
w e r e  bulk f o r c e s  with the p r e s s u r e  g r a d i e n t  

OP / Oz = (I / R .  _I_ I / R ) o  / H (t) 

The law of c o n s e r v a t i o n  of m a s s  [Eq. (4)] takes  the f o r m  

2= R ~ t 

I I i "vzrdrdTdt  • g R ' t H  ( t ) - -  Ito] (33) 
o R 0 

so the equa t ions  d e s c r i b i n g  the mot ion  of the l iquid  take the fol lowing fo rm:  

R* i 

2 I ! v z ( r , t ) r d r d t = R 2 [ H ( t ) - - l t o ]  

l ' - - ~ - - P \ " 7  "~ "~' r Or /=--og i +  r,u~T(0 : )7~- f f ) j  

(34) 

(35) 

Sys tem (34)-(35) de f ines  the law H = H(t), which c a n  be used to find r f rom the condi t ion  H =0 for  t = r .  

Equat ion  (35) has  no so lu t ion  in the g e n e r a l  ca se ,  but  it can  be solved in two l i m i t i n g  c a s e s :  high and 

low v i s c o s i t i e s .  

If Re is s m a l l ,  the m a i n  p a r t  i s  p layed  by the v i scous  t e r m ,  and we can neglec t  the i n e r t i a l  t e r m ;  then 

Eq. (32) g ives  

Or"- -~ r Or p. " p'-~'-H ~, H* : I t ' "  

Th en 

v, (r, t) = 1/, (R*" - -  r~)F1 (t) 

We s u b s t i t u t e  Eq. (37) into (33) and i n t e g r a t e  with r e s p e c t  to r to get 

t 

i 8rr- [H - -  H (t)] F~ (t) dt == ~Jr -- 1c-)"- 
0 

(37) 

(38) 

We d i f f e r e n t i a t e  Eq. (38) with r e s p e c t  to t and s u b s t i t u t e  for  F l ( t  ) to get 

L ~ f ' l  , t ) ]  8R"- dH (39) P-~-gp. t -t p~s ~,-7~ ~ -7/- _ ~ (.*~ -/~-') ,~t 
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Th en 

d H  

d t  

for 

The  so lu t ion  to Eq. (40) i s  

, z ( R * 2  - -  R2)  ! t t  i \ I Og ( R ~  - -  R~ ~ 
~ 8 ~ m  - ~ - 7 # -  + --F ] W -'r , s#c~ - . :  o 

t = O, H -- Ho 

( R*~ - -  R") ~ 9r (R*2 - -  R'-)~ a =  ~ . / ~  . p * ,  ~ =  
81ttlr ~ 

P * -  ( I I R * + t / R ) ,  a l 3 = P * s / p g  

(40) 

( 4 1 )  

F r o m  Eq. (41) wi th  t = r ,  H('r) = 0 w e  ge t  

pg Ho ': ] 
~n~ t l o - -  ~ P * l n [ l  ! Z l"*]J = (R*~ -- R~)"- - -  - -  ' (42) 

P g  . P g  ~, 

The  f i r s t  t e r m  in Eq. (42) r e p r e s e n t s  the  flow in r e s p o n s e  to  the g r a v i t a t i o n a l  f o r c e s  a lone :  

Tg = 8~R~H0 / pg (R*~ - -  R'-) ~ (43) 

The  s e c o n d  t e r m  i n c o r p o r a t e s  the  r e d u c t i o n  in f i l l i ng  t i m e  due  to the  c a p i l l a r y  f o r c e s .  A n u m e r i c a l  
e s t i m a t e  can  be  m a d e .  A n a r r o w  channe l  in a mo l t en  m e t a l  (a = 103 d y n e / c m ,  g ' =  5- 10 -2 P o i s e ,  p = 10 
g / c m  3, a 2 = a / p g  = 0.1 c m 2 , # / p g  = 5 "10 -6 c m .  sec)  g i v e s  Tg ~ 0.1 m s e c  f o r  R = 10 -2 c m  and R* = 0.1 cm;  
t he  v i s c o s i t y  can  have  a m a r k e d  ef fec t  on the  mot ion  only when Re i s  s m a l l ,  so the  c h a r a c t e r i s t i c  d i m e n s i o n  
R* shou ld  be  s m a l l .  The  to ta l  f i l l i ng  t i m e  i n c o r p o r a t i n g  the c a p i l l a r y  f o r c e s  i s  r ~ 0.01 m s e c ,  i . e . ,  i s  l e s s  
by an o r d e r  of magn i tude .  Th i s  t i m e  h a s  been  u n d e r e s t i m a t e d ,  s i n c e  i t  does  not  i n c o r p o r a t e  the  i n i t i a l  a c -  
c e l e r a t i o n  r e q u i r e d  f o r  the  channe l  f i l l i ng  r a t e  to r e a c h  a s t e a d y  va lue .  

We i n c o r p o r a t e  th i s  i n i t i a l  s t a g e  by l e a v ing  the  i n e r t i a l  t e r m  and n e g l e c t i n g  the  v i s c o s i t y ;  t h i s  a p p r o x i  
ma t ion  c o r r e s p o n d s  to the  s econd  l i m i t i n g  c a s e  ( s m a l l  v i s c o s i t y ) .  

The  equa t ions  f o r  the  v e l o c i t y  a r e  

--~Or = g [ l + ~ P  ] = F 2 ( t  ) 
%-7- : * 

R* t 

2 i l v ~ ( r ' t )  r d r d t = B ' ( H - - H o )  
R 0 

(44) 

(45) 

We canno t  s a t i s f y  the  b o u n d a r y  cond i t ion  v = 0  a t  r = R *  if we ne g l e c t  the  v i s c o s i t y ,  but  the  b o u n d a r y  
l a y e r  w i l l  be  thin if R* i s  su f f i c i en t ly  l a r g e ,  and i t  can be  neg l ec t ed  f o r  s m a l l  t i m e s .  

As  v z ( r  ) = c o n s t ,  w e  have  f r o m  Eq. (45) tha t  

t 

f v~ (t) dt = ir [Ho - -  H (t)] (R*~ -- tr 
o 

Or. = g [ l  ' zP* ] 
ot "' T ~ j  = F2 (t) 

(46) 

(47) 

Then  w e  ge t  the  equa t ion  f o r  H(t):  

a ~ H  , ~ t  L~I~ 0 

s (R*' --  R "~) p , ,  
('I, 1 ~ p R z  

g (R*,  - -  R~) (48) 

The  f i r s t  i n t e g r a l  of Eq. (48) t a k e s  the  f o r m  

dH / dt = --[2~1 (H0 - -  H) - -  2al In (H / H0)] v, (49) 
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Consequently, 

T 

H0 
1 

V2 i [i3' (hr~ - -  H) - -  a, In (H / H0)l-'~ dl t  
0 

(50) 

Neg lec t i ng  the  a c c e l e r a t i n g  c a p i l l a r y  f o r c e s  we have  

H0 

' ! 1,: ii ~:g= - ~  V~,(Ho--U)  = ~(n*~-ir ~ 7 ~  g (51) 

The  fo l lowing  a r e  s o m e  n u m e r i c a l  e s t i m a t e s .  Le t  H = 2.5 c m ,  R = 10 -2 cm;  then 7-~ 0.7 m s e c  fo r  R*= 
1 c m  fo r  a mo l t en  m e t a l ,  and T ~ 7  m s e c  f o r  R* = 0.1 cm;  in the  g e n e r a l  c a s e ,  Eq. (50) can  be  put  a s  

1 

V 2 ~  Ir~ (i --  U) -- lr, U ' Y =  a-:-T -y /~ -H ,  (52) 
0 

We find r a n e g l e c t i n g  the  g r a v i t a t i o n a l  f o r c e s ,  in th i s  c a s e  Eq. (52) b e c o m e s  

Then 

1 oo 

[/r~-~l.~ ~ = Ho i dU - -2H01  e x p ( - - v ~ ) d v =  II o V-~ 
0 o 

1 /  .~oR~ R V ~/r (53) "~ = Ho 2: (H *'~- tiz) p* ~ Ho ~ 2: 

F o r H  = 2 . 6  c m ,  p = 1 0 g / c m  a, o- = 1 0 3 d y n e / c m ,  R = 1 0  - 2 c m ,  R* = l c m w e h a v e  T a ~ 0 . 3 1 m s e c ,  w h i l e  
Tcr ~ 3 . 1  m s e c  [o r  R* =0.1 c m .  

Then Eq. (29) g i v e s  us  the  r e s u l t a n t  f i l l i ng  t i m e  i n c o r p o r a t i n g  g r a v i t a t i o n a l  and c a p i l l a r y  f o r c e s ;  we  
s u b s t i t u t e  the  n u m e r i c a l  v a l u e s  f r o m  the  a b o v e  e x a m p l e  and ge t  Tm 0.21 m s e c .  

In e s t i m a t i n g  ~a w e  n e g l e c t e d  e f f ec t s  r e l a t e d  to the  b o u n d a r y  l a y e r ;  the  t h i c k n e s s  of  the  b o u n d a r y  
l a y e r  i s 6  ~ 44-vT [6]; the  n u m e r i c a l  v a l u e s  g ive  d m3 �9 10 -3 cm,  and we have  [6] fo r  Wt /R 2) < 5 �9 10 -3 tha t  the 
t h i c k n e s s  of t h i s  l a y e r  is  l e s s  than 0.1 R ,  whi le  o v e r  the r e s t  of the r e g i o n  the v e l o c i t y  is  i n d e p e n d e n t  of 
r ,  so we can use  Eqs .  (5])-(53) wi th  r e a s o n a b l e  a c c u r a c y  to e s t i m a t e  the  c o r r e s p o n d i n g  t i m e s .  

We now c o n s i d e r  how f a r  t h e s e  q u a l i t a t i v e  e s t i m a t e s  a g r e e  with e x p e r i m e n t ;  i t  i s  s t a t e d  [3] tha t  the  
channc l  in VKZh-94  oi l  p e r s i s t s  fo r  about  5" 10 -2 sec  in r e s p o n s e  to a focused  e l e c t r o n  b e a m .  Our  e s t i m a t e s  
i n d i c a t e  tha t  the  c h a n n e l  in the  o i l  p e r s i s t s  l o n g e r  than one in a m o l t e n  m e t a l  on a c c oun t  of the  r e d u c e d  s u r -  
f a c e  t ens ion .  N u m e r i c a l  e s t i m a t e s  with the  c o r r e s p o n d i n g  v a l u e s  i n s e r t e d  in the f o r m u l a  f o r  the  c o l l a p s e  
t i m e  do not  g ive  s a t i s f a c t o r y  a g r e e m e n t  with the  e x p e r i m e n t s  of [3] wi th in  an o r d e r  of ma gn i t ude .  A p o s -  
s i b l e  r e a s o n  i s  n e g l e c t  of the  t h e r m a l  e f fec t  a c c o m p a n y i n g  the  h y d r o d y n a m i c  ones .  The  c h a r a c t e r i s t i c  t i m e  
fo r  t h e r m a l  r e l a x a t i o n  i s  T h ~ R2/a t ,  w h e r e  a t i s  the  t h e r m a l  d i f fu s iv i t y ,  and r h i s  about  10 -3 sec  f o r  R = 
10 -2 c m ,  a t = 0.1 c m  2 sec ,  i . e . ,  i s  of the  s a m e  o r d e r  a s  the  c o l l a p s e  t i m e .  Then v a p o r  can  a p p e a r  wi th in  
the  channe l ,  which  i n c r e a s e s  t h e  c o l l a p s e  t i m e  r e l a t i v e  to the  p u r e l y  h y d r o d y n a m i c  c a s e .  The  i n c r e a s e  in 
c o l l a p s e  t i m e  can  a l s o  be  due  to e n e r g y  r e l e a s e  in the  f i na l  s t a g e  of t h e  p r o c e s s ,  which  h a s  not been  c o n -  
s i d e r e d  h e r e .  
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